Introduction and results

p-Adic Hermitian Eisenstein series
Serre [23] developed the theory of p-adic modular forms and defined the notion of p-adic Eisenstein series. He applied it to the construction of p-adic L-functions. Recently, a generalization of the notion of Serre's p-adic modular forms have been introduced and the modularity of p-adic Siegel Eisenstein series have been studied [9, 10, 15, 16, 19] . In this paper, we define two kinds of p-adic Hermitian Eisenstein series of degree 2 over Q( √ −1 ) and prove that they are Hermitian modular forms of level p. In particular, the one is just a Hermitian Eisenstein series of level p. Moreover, the cuspidality of p-adic limits of Siegel cusp form is discussed based on some examples. 
Let L 2 (K ) be the set of all half-integral semi-positive definite Hermitian matrices of size 2 
Let p be an odd prime. We denote by X :
the group of p-adic weights (cf. [23] ). For k ∈ X , let {k m } be a sequence such that k m → k in X . We define a p-adic Hermitian Eisenstein series G (2) k,K of weight k as the p-adic limit of the sequence of Hermitian Eisenstein series of weight k m . Namely
where
Let p be an odd prime and k an even natural number satisfying
We define a sequence {k m } by
Hermitian Eisenstein series corresponding to this sequence.
is a character on Γ (2) K ,0 (p). We have the following theorem.
(1) The case k = 2 is a result of Nagaoka [20] (cf. Munemoto and Nagaoka [17] 
As a corollary to the proof of Theorem 1.3, we get a nice description of G 
k,χ p ,K .
p-Adic Siegel cusp forms
As we have seen, p-adic limits of modular forms sometime become actual modular forms. It seems natural to ask whether cuspidality descends to p-adic limits. We raise the following question. Problem 1.5. Suppose that a Siegel modular form f is a p-adic limit of Siegel cusp forms. Then is it a Siegel cusp form?
In this paper, we consider this problem based on some examples. Let Γ be a congruence subgroup of the Siegel modular group Sp 2 (Z) and S k (Γ ) the space of Siegel cusp forms for Γ . For an odd prime p and an even natural number k, we define a sequence {k m } by
Following [21] , we consider a sequence of Siegel cusp forms
where S 2 is the Siegel upper-half space and E (2) k is the Siegel Eisenstein series of degree 2 and weight k whose constant term is 1. By [16] and Theorem 1.1, the sequence { f k m } converges p-adically to an actual Siegel modular form of weight 2 for the congruence subgroup
Denote by f 
Then we consider a sequence of Siegel cusp forms
Denote by f
Hermitian modular forms and related Jacobi forms
Hermitian modular forms
Let k and N be natural numbers. Let ρ be a character on O × such that ρ(i) = i −k and ψ a charac-
A holomorphic function f on the Hermitian upper-half space
is called a Hermitian modular form. We denote by M k (Γ (2) K ,0 (N), χ ) the space of all these functions.
Remark 2.1. Assume that k is even. Then the above character ρ coincides with det
In particular,
We follow the proof of Lemma 1.1 [24, p. 421] .
By a decomposition
This proves the desired property.
Jacobi forms
In this subsection, we recall the definition of Jacobi forms. We refer to [7] for more details. 
For a natural number N, let Γ
(1)
2 and χ be a character as in previous subsection. We
K ,0 (N), χ ) the vector space consisting of all holomorphic functions on H 1 × C 2 satisfying the following two conditions.
and ν is natural number depending on M. 
This transforms like elements in 
Jacobi Eisenstein series
In this subsection, we define the Jacobi Eisenstein series on Γ
with the cusps 0 and ∞ and compute their Fourier expansions.
Let k be a natural number and s a complex number such that Re(s) + k > 4. For any cusp κ ∈ {0, ∞}, we take g κ ∈ SL 2 (Z) such that g κ (∞) = κ by g 0 = 
γ .
We shall calculate the Fourier expansions of these Jacobi Eisenstein series. Let t = 0 be an integer. 
Proposition 2.4. The Fourier expansion of E
In order to specialize s = 0, let us look each terms closely. Assuming Re(s) being sufficiently large, C ∞ χ ,p (t, s) has a simple expression, which tells us a meromorphic continuation to all s ∈ C.
Proposition 2.5. Assume that Re(s) is sufficiently large.
2π ia/ f is the Gauss sum. 
We will use
,μ (y) = e −y/2 y μ+1/2 .
Taking these facts into account, we have a meromorphic continuation with respect to s and obtain the following Fourier expansion of
including the low weight case k = 2, 3, 4.
Proposition 2.6.
(1) For any integer k 3, the Fourier expansion of E κ
where, with
is given by the same formula as in (1) .
Remark 2.7.
(1) The case where k = 2, χ = χ p , κ = 0 is not needed to prove our theorems. Hence we omit the statement.
are identically zero.
Proofs of theorems
The proofs proceed as follows. It is easy to determine A(H). In fact, by Krieg [12] , Dern [2, 3] (cf. Nagaoka [18] ), we have
where the sum over d is taken
where χ 0 is the principal character.
The formula (3.1) tells us that the Fourier coefficients of the p-adic limit of G (2) k m ,K satisfy the Maass relation. Then we will check the following.
(A) The constant term of the Fourier Jacobi expansion of G (2) k,K coincides with φ 0 (τ ) in (2.3).
(B) The first Fourier Jacobi coefficient of G (2) k,K is a Jacobi form of weight k and index one on Γ (1)
These observations imply that G (2) k,K is a Maass lift of this Jacobi form and thus the modularity follows from Proposition 2.2. This approach was introduced by Arakawa [1] .
Proof of Theorem 1.1
For a sequence {k m = k + (p − 1)p m }, it is easy to check (A) in view of the formula 
Therefore let us check (B). We denote by c(t) the p-adic limit of c k m (t).
Applying the following p-adic limits as m → ∞
(t).
Since c(0) = 1, it follows that G (2)
This completes the proof of Theorem 1.1.
Proof of Theorem 1.3
We know as in [9, 14] that for the sequence
This confirms (A). Therefore we shall check (B). We denote by c(t) the p-adic limit of c k m (t). Let 0 < t = 4(n − N (α)) = q: prime q l q . We have the following p-adic limits as m → ∞
These imply
On the other hand, since χ K χ p is primitive mod 4p and
This completes the proof of Theorem 1.3.
The identity c(t) = e ∞ χ p (t) proved above combined with Theorem 3 of [13] gives Corollary 1.4.
Proof of Theorem 1.6
In this subsection, we prove Theorem 1.6. First, we introduce some notations concerning Siegel modular forms and Jacobi forms. We denote by J k,m (Γ (1) 
(Γ (1) 0 (N))) the space of usual Jacobi forms (resp. Jacobi cusp forms) of weight k and index m for Γ (1) 0 (N). For a function φ : H 1 × C → C, we define the slash operator by
Let M k (Γ (2) 0 (N)) (resp. S k (Γ (2) 0 (N))) be the space of Siegel modular forms (resp. Siegel cusp forms) of weight k for the congruence subgroup Γ (2) (2) 0 (N)) the Maass space of weight k for Γ (2) 0 (N). For a Siegel modular form f ∈ M k (Γ (2) 0 (N)), f has a Fourier expansion of the form
(the lattice in Sym n (R) of semi-positive definite, half-integral, symmetric matrices). (2) 0 (p). Accordingly, to prove Theorem 1.6, we may show the following proposition. In order to prove Proposition 3.2, we prepare two lemmas. The following lemma is given in [25] . (1) 0 (p)). By a result in [5] , f = Mφ is a cusp form for Γ (2) 0 (p). 2 Theorem 1.6 follows from Proposition 3.2.
Proof of Theorem 1.8
Suppose that χ = χ p and k > 4. By [15] and Theorem 1.3, the first Fourier Jacobi coefficient of f (p) k,χ p can be described by three Jacobi Eisenstein series, where two of them are associated with cusp ∞ and one of them is associated cusp 0. It follows from the values at cusp 0 that it is not a cusp form.
